The term "robust optimization" is quite popular, and the descriptor "robust" so commonly applied in the water resources literature that its specific meaning, and its implications for model results, have become elusive. We here provide a brief summary of the applications of robust optimization to water resources planning and management problems in the past 15 years. We describe and demonstrate concerns regarding Mulvey et al.'s (1995) multi-objective approach to robust optimization. We evaluate the idea of minimization of the expected costs as the primary design criterion by contrasting solutions to a simple robust optimization problem in terms of common performance measures, including reliability, vulnerability, and sustainability.
INTRODUCTION
In his recent review paper Sahinidis (2004) identified the few options available for the incorporation of data uncertainty into optimization models. There are generally three categories of optimization under uncertainty: stochastic programming, fuzzy programming, and stochastic dynamic programming. This paper concentrates on stochastic programming for reasons described below. For a review of concepts and applications of fuzzy programming, see Inuiguchi and Ramik (2000) . See (Archibald et al. 1997; Cardwell and Ellis 1993; Stedinger et al. 1984) for concepts and applications of stochastic dynamic programming to water resources problems.
Stochastic programming includes: the standard approach using recourse models (called 2-stage or multi-stage stochastic linear/nonlinear programs) (see Sen and Higle (1999) for introductory tutorial on stochastic programming), robust optimization (RO) (introduced by Mulvey et al. (1995) ), and probabilistic models (chance constraints) (attributed to Charnes and Cooper (1959) , see Tung (1986) for an application to a water resources problem). In spite of these well established approaches, the most common approaches followed by practitioners of systems analysis include: expectation minimization, minimization of deviations from goals, minimization of maximum costs, and optimization over soft constraints (Sahinidis 2004) . Of the stochastic programming approaches, we focus on RO because it provides the greatest flexibility in the consideration of a range of design alternatives that might be of interest to a decision maker. In contrast to chance constraint techniques, which limit the probability of a violation of a model constraint, RO "provides a means of controlling the sensitivity of the solution to uncertain parameters or inputs" (Watkins and McKinney 1997) . Beyer and Sendhoff (2007) describe two primary streams of research in the development of RO. The difference in the two approaches relates to the nature of the constraints in each field. Engineering science (mechanical and structural, especially) deals largely with hard constraints, whereas problems in the field of Operations Research contain a variety of soft constraints, in addition to hard constraints. In Operations Research, the term "robust optimization" is attributed to Mulvey et al. (1995) , who use slack variables (functions added to the objective) to penalize violations of soft constraints. In water resources, an example of a soft constraint might be the demand for water in the residential sector. One might require that the residential sector be supplied with 100 liters per capita per day, but if only 95 liters per capita per day are available, then that will have to suffice. The slack term "water shortage" accounts for the remainder. Minor violations of such soft constraints are permissible, but come with a cost (penalty). An example of a hard constraint in water resources is the storage capacity of a reservoir. By the fundamental rules of physics, the capacity cannot be exceeded (additional water will but spill out).
In engineering science on the other hand, Genichi Taguchi (1989) is credited with the "Taguchi Method" of robust design, aimed at reducing the mean square deviation of the signal-to-noise ratio (noise factors being environmental conditions such as temperature and pressure, or production tolerances such as weight and length) in production and manufacturing. Much of the recent work in robust mathematical programming is attributed to Ben-Tal and Nemirovski (1998; , whose primary interest is in the effect of uncertainty on models with hard constraints. BenTal and Nemirovski (1999) describe hard constraints as those which must be satisfied no matter what the realization of the data (the consequence being a mechanical impossibility, i.e., pieces that don't fit, or catastrophic failure, i.e., a bridge collapse).
Since our context is water systems planning and management, roughly categorized as a subset of Operations Research, we emphasize the RO techniques of Operations Research, as credited to Mulvey et al. (1995) . The focus of this paper is on the tradeoffs between expected cost and other performance metrics (reliability and vulnerability with respect to soft constraints on water shortage, for example), as opposed to those that concentrate on the guarantee of the satisfaction of constraints, and therefore on single optimal robust solutions.
As one would expect, the term "robust optimization" is quite popular, and the descriptor "robust" is so commonly applied that its specific meaning, and its implications for model results, has become elusive. For example there are a number of papers that cite Mulvey et al. (1995) in the derivation of their optimization methods, but do not actually use Mulvey et al.'s methods (Escudero 2000; Jia and Culver 2006; Kuhn and Madanat 2006; Rosenberg and Lund 2009; Suh and Lee 2002) . There are also a number of papers in water resources, mostly water distribution system design, that use techniques very similar to the RO techniques presented by Mulvey et al. (1995) , but do not reference Mulvey et al. (1995) .
In the following example we evaluate the idea of minimization of the expected costs as the primary design criterion by contrasting solutions to a simple RO problem in terms of common performance measures including: reliability, vulnerability, and sustainability.
THE VALUE OF RO IN WATER RESOURCE SYSTEMS PLANNING -AN EXAMPLE
This example problem has been taken from Lund and Israel (1995) , as adapted by Watkins and McKinney (1997) , and adapted further for our purposes. The (adapted) storyline is this: A city is subject to water scarcity and must plan accordingly. The objective is to minimize the cost (in dollars) of satisfying next year's water demands through decisions made now (1 st stage) and utilization of options once next year's conditions are realized (2 nd stage). The city has only one immediate (1 st stage) option: it can build desalination capacity (measured in million cubic meters per year, MCM/yr), or not. If its local water availability next year is insufficient, the city can take combinations of the following 3 courses of action: (1) it can utilize its constructed desalination capacity; (2) it can make emergency spot-market transfers at market prices; (3) it can accept some amount of "water conservation" (shortage), at a cost.
Given that we do not know the conditions that will occur next year (wet year or dry, for example), we must make the best decision that we can now to prepare for the full range of possibilities (build desalination capacity or not).
Cost Minimization Model.
One possible formulation of this problem is as a cost minimization, which is how Lund and Israel (1995) approached the problem. They developed a range of scenarios, with corresponding probabilities, to represent potential water availability and potential demand the following year. Local water availability and the price of an emergency water transfer were perfectly correlated according to the probabilities assigned to supply scenarios. Demand, also, was represented as a random input parameter, but assigned probabilities independent of those related to supply. Equation 1 shows the 2-stage stochastic nonlinear program used by Lund and Israel (1995) to minimize the cost (in dollars) of decisions made now plus the expected value of decisions that would have to be made the following year given the decisions made now. Watkins and McKinney (1997) . In addition to the introduction of risk factors into the objective function, there are two significant differences between Equation 2 and Equation 1. First, the shortage cost function is no longer minimized with the expected cost of desalination and water transfers. It has been removed from the expected cost summation and placed on its own, as a weighted function of the risk of shortage. Second, in order to better evaluate the tradeoff between the expected value and the standard deviation of cost, the amount of water conservation in each scenario is limited to 10% of that scenario's demand.
Other Performance Metrics. The first step in the creation of cost-risk tradeoff plots is the identification and quantification of risks. This section presents definitions of the performance metrics used in this analysis. Among the many types of system failure one would like to mitigate, we focus on the tradeoffs between cost and reliability, vulnerability, and sustainability.
Reliability. Reliability, as defined by Hashimoto et al. (1982) , is the probability α that a system is in a satisfactory state. In our simplified example, it is reasonable to define reliability by its inverse. Equation 3 presents reliability as the probability that the system is not in a state of failure. The system's output state is denoted by the random variable X t during run t, where t takes on discrete values 1, 2, 3… The definition of what constitutes a "failure" is, of course, subjective. In our case, we define a failure as a shortage of any size.
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Relative Vulnerability. Relative vulnerability is the likely relative magnitude of failure, if one occurs. Relative vulnerability ranges from 0 to 1, with the scenario of maximum system vulnerability producing the failure of greatest magnitude.
Sustainability. Sustainability can be defined in any number of ways. From Loucks (1997) , a sustainable alternative is one in which there are no long term decreases in the level of welfare produced by the system. If the statistical measures for reliability and vulnerability range from 0 to 1 with higher values preferred over lower values, as is true here, then sustainability can be computed as the product of the two.
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Our definition of sustainability, Equation 5, omits resilience from the product. Our single-year model provides no insight into the resilience of the system. Had we sequential, time-series output for our system, we would compute the resilience of the system and include it in the definition of sustainability. In the absence of such information, we could assume, for example, that the resilience of the system is 0 (it never recovers from a failure), or that the resilience of the system is 1 (it recovers from a failure immediately). Neither assumption is strong. However, the multiplicative form of Equation 5 gives added weight to the statistical measure having the lowest value. In order to de-emphasize resilience, about which we know nothing, and emphasize system reliability and vulnerability, for which we have data, we choose to assume a system resilience of 1, effectively eliminating it from Equation 5.
Comparison of Solution Robustness Results: MO-RO vs SO-RO.
Our interest is in comparing the performance of two approaches to RO for the city's water shortage problem. The first method, MO-RO, minimized the cost of this year's preparatory actions in combination with the expected cost of next year's recourse actions, plus the standard deviation of next year's costs. We developed a simple check on the performance of the MO-RO method. The check is not a second method of robust optimization, per se, but a tool enabling the exploration of the complicating effects of multi-objective optimization on the model's recommendations. We have termed the tool "the single-objective (check on) robust optimization (SO-RO)." The SO-RO model optimizes only second-stage decisions, given that the first stage decision has already been made, thus requiring a two-step solution process. The first step in SO-RO is to develop a range of scenarios representing possible future realities of system capacity, and then to concentrate on the least-cost operation of each of those system capacities. Thus, where the MO-RO model determines both the size of the desalination plant (first stage decision), and the "best" operating policy (second stage decisions), according to the weights on the objectives (minimize expected cost, standard deviation of cost, and penalty function), SO-RO optimizes only one objective of each design capacity proposed by the MO-RO model.
In order to compare the results of our SO-RO to the MO-RO method, we used exactly the same discretized normal input data. However, unlike in the case of MO-RO, there was no obvious way to produce a range of tradeoffs between cost, standard deviation, and performance metrics for decision-makers to evaluate. In order to force the SO-RO simulations to produce such a tradeoff curve, we varied the design capacity of the desalination plant, Q, over approximately the same range of Qs produced by the varying of the objective function component weights in the MO-RO model. By assigning the runs of the SO-RO model the range of Qs resulting from runs of the MO-RO model, we were able to focus a comparison of the methods on performance measures.
Given that each corresponding run of the SO-RO simulation and the MO-RO model use the same design capacity, Q, the differences in results are explained by the differences in each method's selection of operational variables, Uq and Us. Figure 1 plots the tradeoffs between expected cost and solution robustness (in this case, the standard deviation of cost). Both the MO-RO and the SO-RO models begin with Q = 52.4 million cubic meters per year (MCM/year). At that point, the solutions are the same (high standard deviation and low expected cost). The SO-RO result seems less sensitive, however, to increases in Q. As Q increases, the expected cost of the SO-RO result rises more slowly than the expected cost of the MO-RO result, and the standard deviation of the SO-RO result falls more slowly. Another way to phrase it is that the MO-RO model provides a wider range of operational choices than does the SO-RO model.
Figure 1 Tradeoff between expectd cost and solution robustness
Turning to performance measures, the two methods yield strikingly different results. By using more of the desalination design capacity, the MO-RO model makes great gains in reliability with respect to water shortage. The SO-RO model, choosing to use nearly the same amount of desalination capacity regardless of the portion available, does not realize the gains in reliability with increases in Q. Neither, however, does it result in vulnerability increases as does the MO-RO model. The end result is that the MO-RO model is more reliable and sustainable in terms of shortages for design capacities between approximately 100 and 170 Mm 3 /year, but more vulnerable to shortage events thereafter.
The ultimate cause of the difference in results between SO-RO and MO-RO relates to the total quantity of water supplied (or over-supplied). At each capacity in the SO-RO model, the expected value of all water supplies (local availability, a, + Uq +Ut +Us) approximately equals the expected value of water demand. At every capacity, the expected value of demand in the SO-RO model is approximately 200 MCM/year, and so is the expected value of all water supplied. The MO-RO model, on the other hand, in order to reduce the standard deviation of cost, supplies more water than is demanded.
Between a capacity of approximately 50 and 80 MCM/yr, the MO-RO formulation achieves reductions in standard deviation by using, on average, fewer cost-variable transfers. In order to decrease the standard deviation of costs further past the point achieved by a capacity of 80 MCM/yr, however, the MO-RO model must take a slightly different approach. At Q = 80 MCM/yr, the E[Ut] has been reduced to a very low level. In order to achieve a lower standard deviation at Q = 98 MCM/yr than it did at Q = 80 MCM/yr, the MO-RO model takes to reducing the E[Us] and relying more on transfers, and using much more desalination capacity. Even in the "good times" scenarios, when the local availability of water is high, the MO-RO model still recommends continuing to provide desalinated water, far in excess of demand, just to keep costs somewhat constant. This, of course, is not a good management choice.
Thus, the tradeoffs reflected by the MO-RO algorithm between minimum expected cost and standard deviation of cost seem to have some value only to a certain point, after which it would be irrational to choose a lower standard deviation. While technically not a member of the "noninferior set," it would be hard to find a decision maker who would value a decision so heavily emphasizing constancy of costs equally with one minimizing the expected cost of the design.
On the other hand, the SO-RO model, because it is not confused between conflicting objectives (minimum cost and minimum standard deviation) never over-supplies water. At higher design capacities, it does not see gains in reducing the standard deviation of costs. Instead, it meets the demand, and retains (expected) unused desalination capacity. SO-RO demonstrates the irrationality of choosing a design capacity over a certain threshold -the threshold in this case being where there are no appreciable improvements in either standard deviation or performance metrics with increases in cost.
CONCLUSION
This study has evaluated the design choices recommended by a multi-objective robust optimization model by comparing its results to a corresponding single-objective optimization tool. In order to decide between potential design choices, we have shown that is very helpful to evaluate more than just the tradeoff between standard deviation of costs and the expected costs. One must also consider the total amount of water supplied (or over-supplied), as well as the design's reliability, vulnerability, and sustainability. All of these performance metrics should be quantified, and presented to the decision-maker for consideration.
